finiteness of real quadratic number fields which admit a positive
  definite septenary universal lattice by Kim, B. M. et al.
ar
X
iv
:2
00
6.
15
36
1v
1 
 [m
ath
.N
T]
  2
7 J
un
 20
20
FINITENESS OF REAL QUADRATIC NUMBER FIELDS
WHICH ADMIT A POSITIVE DEFINITE SEPTENARY
UNIVERSAL LATTICE
BYEONG MOON KIM, MYUNG-HWAN KIM AND DAYOON PARK
Abstract. In this paper, we will prove that if d is sufficiently large
square-free positive rational integer, then there is no integral septenary
universal quadratic lattice over OF where F = Q(
√
d).
1. Introduction
A positive definite quadratic lattice L over the ring of algebraic inte-
gers OF of a totally real number field F is called a universal lattice if it
represents every totally positive algebraic integers of F . For example, the
famous Maass’ three square theorem says that the sum of three squares,
which corresponds to the ternary diagonal lattice 〈1, 1, 1〉 is universal over
OF where F = Q(
√
5). Universality of a positive definite quadratic lattice
is one of the most fascinating topics in the arithmetic theory of quadratic
lattices and has been studied in depth for a long time.
According to the results in [4], one may conclude that for any totally
positive real number field F , there always exist positive definite universal
lattices over OF . It is a natural question to ask for a given positive integer
n, how many totally real number fields are there which admit a positive
definite n-ary universal lattice. Kitaoka conjectured that there are only
finitely many totally real number fields F which admit a ternary positive
definite universal free OF -lattice in a private seminar. In 1996, all positive
definite ternary universal free lattices over OF , where F is a real quadratic
number field, were found by W. K. Chan, M.-H. Kim and S. Raghavan [2].
They proved that among real quadratic number fields, only Q(
√
2),Q(
√
3)
and Q(
√
5) admit positive definite ternary universal free lattices, and that
there are only eleven positive definite ternary universal free lattices over
those fields. Kala and Yatsyna [8] showed that Q(
√
5) is the only totally
real number field which admit a universal quadratic form whose coefficeints
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are rational numbers. Very recently, in [7] Krsensk, Tinkov and Zemkov
proved that there is no biquadratic totally real number field which admit a
universal quadratic form. All of those says that the Kitaoka’s Conjecture is
probably right.
In 2000, B. M. Kim [6] proved that there are infinitely many real qua-
dratic number fields F which admit positive definite octonary universal
(free) lattices over OF . But it was not known whether eight is the minimal
rank of universal lattices with this property. He proved earlier that there
are only finitely many real quadratic number fields F which admit a posi-
tive definite diagonal septenary universal free lattice over OF in [5]. In this
paper, we prove that there exist only finitely many real quadratic number
fields F which admit a positive definite septenary universal lattice over OF .
This implies that eight is indeed the minimal with this property.
Before we move on, we set some notations and make conventions. We
adapt lattice theoretic language in this paper. We assume that every number
field F is totally real. Let OF be the ring of algebraic integers of F and
let O+F be the set of all totally positive algebraic integers of F . We often
write O,O+ instead of OF ,O+F , respectively. An OF -lattice L is a finitely
generated OF -module equipped with a symmetric bilinear form B : L×L→
OF . The quadratic map corresponding to B is denoted by Q(x) := B(x, x).
For any unexplained terminologies and basic facts about quadratic forms
and lattices, we refer the readers to [9].
2. Lemmas
Let F be a totally real number field and O be its integer ring.
Lemma 2.1. Let L be a positive definite and let
(
B(vi, vj)
)
n×n be the Gram-
matrix of given vectors v1, v2, · · · , vn ∈ L. Then
(1)
(
B(vi, vj)
)
is positive semi-definite ;
(2) det
(
B(vi, vj)
)
> 0 if and only if v1, v2, · · · , vn are linearly independent ;
(3) det
(
B(vi, vj)
)
= 0 if and only if v1, v2, · · · , vn are linearly dependent.
Proof. (1) From Q(a1v1 + · · · + anvn) = X ·
(
B(vi, vj)
) · X t ≥ 0 where
X =
(
a1 · · · an
)
, (1) follows immediately.
(2) is equivalent to (3).
(3) Let v1, v2, · · · , vn be linearly dependent, i.e., a1v1 + · · · + anvn = 0 for
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some ai’s in O which are not all zero. Then we have
(
a1 · · · an
) · (B(vi, vj)) ·
a1...
an
 = Q(a1v1 + · · ·+ anvn) = 0.
This implies det
(
B(vi, vj)
)
n×n = 0.
Now let det
(
B(vi, vj)
)
n×n = 0. Then
Q(a1v1 + · · ·+ anvn) =
(
a1 · · · an
) · (B(vi, vj)) ·
a1...
an
 = 0
for some ai’s in O which are not all zero. Since L is positve definite,
a1v1 + · · ·+ anvn = 0,
which implies that v1, v2, · · · , vn are linearly dependent. 
We need the following technical lemma.
Lemma 2.2. Let B := (bij) :=
(
B1 B2
B3 B4
)
∈ Mk+s(R), A := (aij), B1 :=
(bij) ∈ Mk(R), B2, BT3 ∈ Mk×s(R) and B4 ∈ Ms(R) with |aij|, |bij| ≤ N
where N > 1. Then
det(A) · det(B4) · xk − (k + s)! ·Nk+s · (xk−1 + · · ·+ x+ 1)
< det
((
A O
O O
)
x+B
)
< det(A) · det(B4) · xk + (k + s)! ·Nk+s · (xk−1 + · · ·+ x+ 1)
for x > 0.
Proof. Note that for an n × n matrix E = (eij), its determinant is defined
by
det(E) =
∑
(i1,··· ,in)
sgn(i1, · · · , in)e1i1 · · · enin
where (i1, · · · , in) runs through all ordered vectors with {i1, · · · , in} =
{1, · · · , n}. From the definition of determinant of matrix, we have that
for n = k+s and det
((
A O
O O
)
x+B
)
= akx
k+ak−1xk−1+ · · ·+a1x+a0,
(2.1) al =
∑
(i1,··· ,in)(j1,··· ,jn)
sgni · sgnj · ai1j1 · · · ailjlbil+1jl+1 · · · binjn
where i = (i1, · · · , in) and j = (j1, · · · , jn) run through all ordered vectors
with {i1, · · · , in} = {j1, · · · , jn} = {1, · · · , n}, i1 < · · · < il ≤ k, il+1 <
· · · < ik+s and j1, · · · , jl ≤ k. The number of terms of the summation of
(2.1) is k!(k+s−l)!
(k−l)! (≤ (k+s)!) and the absolute value |ai1j1 · · · ailjlbil+1jl+1 · · · binjn|
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of each term could not exceed Nn, so we have |al| ≤ (k + s)!Nk+s for all
1 ≤ i ≤ k. Moreover, we have ak = det(A) · det(B4). This completes the
proof. 
From here on, we assume that F = Q(
√
d) is a totally real quadratic
number field where d > 1 is a square free positive integer, and O = OF . For
any z = x+y
√
d ∈ F with x, y ∈ Q, we write its conjugate by z := x−y√d
and put
ωd :=
{ √
d if d ≡ 2, 3 (mod 4),
1+
√
d
2
if d ≡ 1 (mod 4).
It is well known that every algebraic integer α ∈ O can be written in the
form
α = a+ bωd
where a, b ∈ Z, namely, {1, ωd} is a Z-basis of O.
The proof of the following lemma is straightforward.
Lemma 2.3. For a square free positive integer d, let F = Q(
√
d) and
O = OF . For α, β ∈ O \ Z with α ∈ O+, we have
(1) tr(α) ≥ 2√d and tr(β2) ≥ 2d, when d ≡ 2, 3 (mod 4),
(2) tr(α) ≥ √d and tr(β2) ≥ d
2
, when d ≡ 1 (mod 4). 
Lemma 2.4. Let F = Q(
√
d) be a totally real quadratic number field where
d is a square free positive integer satisfying{
d > 152 if d ≡ 2, 3 (mod 4),
d > 4 · 152 if d ≡ 1 (mod 4).
Let L be a positive definite OF -lattice and let
S := {v ∈ L |Q(v) ∈ Z with 1 ≤ Q(v) ≤ 15}
be a subset of L. Then the Z-submodule L1 of L generated by S is a positive
definite Z-lattice, i.e., B(L1, L1) ⊆ Z.
Proof. For all v, w ∈ S, since Q(v)Q(w) − B(v, w)2 is either 0 or a totally
positive integer,
tr(B(v, w)2) ≤ tr(Q(v)Q(w)) ≤ 2 · 152.
On the other hand, by Lemam 2.3, we have that
tr(β2) > 2 · 152
for β ∈ O \ Z. So we obtain that B(v, w) ∈ Z for any v, w ∈ S, which
implies that B(L1, L1) ⊆ Z. And the positive definiteness of L1 follows
from that of L. This completes the proof. 
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Remark 2.5. Let F = Q(
√
d) be a totally real quadratic number field where
d is a square free positive integer satisfying{
d > 152 if d ≡ 2, 3 (mod 4),
d > 4 · 152 if d ≡ 1 (mod 4).
Let L be a positive definite universal O-lattice and L1 be the O-sublattice
of L generated by S := {v ∈ L |Q(v) ∈ Z with 1 ≤ Q(v) ≤ 15}. Then
by Lemma 2.4 and the 15-Theorem [3], we may induce that rank(L1) ≥ 4.
Since there is no positive definite ternary universal Z-lattice, we may get
four linearly independent vectors v1, v2, v3, v4 ∈ S, i.e.,
(
B(vi, vj)
)
4×4 6= 0.
Lemma 2.6. Let F = Q(
√
d) be a totally real quadratic number field where
d is a square free positive integer satisfying{
d > (2 · 4! · 154)2 if d ≡ 2, 3 (mod 4),
d > (4 · 4! · 154)2 if d ≡ 1 (mod 4)
and let L be a positive definite universal O-lattice. Let w1, w2, · · · , w15 ∈ L
with
Q(wk) = mk + kwd ∈ O+F
where mk = ⌊−kωd⌋ + 1. (Note that mk + kwd ∈ O+F is the conjugate of
the smallest totally positive integer such that the coefficient of ωd is k with
respect to the Z-basis {1, ωd} of O), and let L2 be an O-sublattice of L
generated by {w1, w2, · · · .w15}. Then we have rank(L2) ≥ 4.
Proof. From the fact that L is positive definite, we have for all 1 ≤ i, j ≤ 15
(2.2)
{
Q(wi) ·Q(wj)−B(wi, wj)2 ≥ 0,
Q(wi) ·Q(wj)−B(wi, wj)2 ≥ 0.
From (2.2) follows
(2.3)
{
B(wi, wj)
2 ≤ Q(wi) ·Q(wj) < (2iωd + 1)(2jωd + 1)
B(wi, wj)
2 ≤ Q(wi) ·Q(wj) < 1 · 1 = 1
for all 1 ≤ i, j ≤ 15. So the possible candidates for B(wi, wj) are
0, mtij + tijwd, or (mtij − 1) + tijwd,
where tij ∈ {1, 2, · · · ,
⌊√
ij
⌋} ⊆ {1, 2, · · · , 15}. Therefore the gram-matrix
of L2 with respect to {w1, w2, · · · , w15} may be written in the form(
B(wi, wj)
)
15×15 =
{
2
√
d
(
aij
)
15×15 +
(
ǫij
)
15×15 if d ≡ 2, 3 (mod 4),√
d
(
aij
)
15×15 +
(
ǫij
)
15×15 if d ≡ 1 (mod 4),
where
{ (
aij
)
15×15 ∈M15(Z) with |aij| ≤ 15 and aii = i,(
ǫij
)
15×15 ∈M15(R) with |ǫij| < 1.
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On the other hand, since L is positive definite, the gram-matrix(
B(w˜i, w˜j)
)
k×k :=
{
2
√
d
(
a˜ij
)
k×k +
(
ǫ˜ij
)
k×k if d ≡ 2, 3 (mod 4),√
d
(
a˜ij
)
k×k +
(
ǫ˜ij
)
k×k if d ≡ 1 (mod 4)
is semi-definite by Lemma 2.1 for any w˜1, · · · , w˜k ∈ {w1, w2, · · · , w15}, which
yields
det
(
B(w˜i, w˜j)
) ≥ 0.
We may apply the Lemma 2.2 with x = 2
√
d or
√
d for d ≡ 2, 3 (mod 4)
or d ≡ 1 (mod 4), respectively, and |a˜ij|, |ǫ˜ij| ≤ 15 to conclude that for
any w˜1, · · · , w˜k ∈ {w1, w2, · · · , w15},
(
a˜ij
)
k×k ∈ Mk(Z) is positive semi-
definite for k = 1, 2, 3, 4. And then in virtue of the 15-Theorem [3], we may
take w˜1, · · · , w˜4 ∈ {w1, w2, · · · , w15} such that
(
a˜ij
)
4×4 ∈ M4(Z) is positive
defnite, i.e., det
(
a˜ij
)
4×4 > 0. By applying Lemma 2.2 again, we obtain
det
(
B(w˜i, w˜j)
)
4×4 > 0,
yielding w˜1, · · · , w˜4 are linerly independent by Lemma 2.1. This completes
the proof. 
Remark 2.7. In Lemma 2.6, we proved that an O-sublattice L2 of a universal
O-lattice L, generated by {w1, · · · , w15} ⊂ L with Q(wk) = mk+kωd ∈ O+,
is of rank greater than or equal to 4, by showing that there are four linearly
independent vectors
w′1, · · · , w′4 ∈ {w1, · · · , w15}.
Moreover, we showed that
(2.4) det
(
a′ij
)
4×4 > 0
where
(
B(w′i, w
′
j)
)
4×4 :=
{
2
√
d
(
a′ij
)
4×4 +
(
ǫ′ij
)
4×4 if d ≡ 2, 3 (mod 4),√
d
(
a′ij
)
4×4 +
(
ǫ′ij
)
4×4 if d ≡ 1 (mod 4),
and
{ (
a′ij
)
4×4 ∈M4(Z) with |aij ′| ≤ 15,(
ǫ′ij
)
4×4 ∈M4(R) with |ǫij ′| < 1.
3. Main Theorem
In this last section, we show that the rank of a positive definite universal
O-lattice L is greater than or equal to 8 for a totally real quadratic number
field F = Q(
√
d) where d is a square free integer satisfying
(3.1)
{
d > (2 · 8! · 158)2 if d ≡ 2, 3 (mod 4),
d > (4 · 8! · 158)2 if d ≡ 1 (mod 4).
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Theorem 3.1. Let F = Q(
√
d) be a totally real quadratic number field
where d is a square free positive integer satisfying (3.1). Then there is no
positive definite septenary universal O-lattice.
Proof. Let L be a positive definite universal O-lattice. By Lemma 2.4, we
have four vectors v1, · · · , v4 ∈ L for which(
B(vi, vj)
)
4×4 ∈M4(Z)
is positive definite with |B(vi, vj)| ≤ 15 for all 1 ≤ i, j ≤ 4. And then by
Lemma 2.6 and Remark 2.7, we may take four vectors v5, · · · , v8 ∈ L for
which(
B(vi, vj)
)
5≤i,j≤8 =
{
2
√
d
(
aij
)
4×4 +
(
ǫij
)
4×4 if d ≡ 2, 3 (mod 4),√
d
(
aij
)
4×4 +
(
ǫij
)
4×4 if d ≡ 1 (mod 4)
where{ (
aij
)
4×4 ∈M4(Z) with |aij| ≤ 15(
ǫij
)
4×4 ∈M4(R) with |ǫij | < 1
}
and det
(
aij
)
4×4 ≥ 1.
Now consider the gram-matrix(
B(vi, vj)
)
1≤i,j≤8 ∈M8(O).
It is easy to show that
(
B(vi, vj)
)
1≤i,j≤8 =

2
√
d
(
O O
O A
)
+
(
B C
CT D
)
if d ≡ 2, 3 (mod 4),
√
d
(
O O
O A
)
+
(
B C
CT D
)
if d ≡ 1 (mod 4),
where A,B ∈ M4(Z) are positive definite and the absolute values of the
entries of A,B,C,D are less than or equal to 15. By using Lemma 2.2, we
obtain
det
(
B(vi, vj)
)
> det(A) det(D)(2
√
d)8 − 8! · 158((2
√
d))7 + · · ·+ 2
√
d+ 1)
≥ (2
√
d)8 − 8! · 158((2
√
d))7 + · · ·+ 2
√
d+ 1) > 0
when d ≡ 2, 3 (mod 4), and
det
(
B(vi, vj)
)
> det(A) det(D)(
√
d)8 − 8! · 158((
√
d))7 + · · ·+
√
d+ 1)
≥ (
√
d)8 − 8! · 158((
√
d))7 + · · ·+
√
d+ 1) > 0,
when d ≡ 1 (mod 4). These indicate that v1, v2, · · · , v8 are linearly inde-
pendent. Consequently, the rank of L is greater than 7, which proves the
theorem. 
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Theorem 3.2. Let F = Q(
√
d) be a totally real quadratic number field
where d is a square free positive integer satisfying
(3.2)
{
d > (2 · 8! · 2908)2 if d ≡ 2, 3 (mod 4),
d > (4 · 8! · 2908)2 if d ≡ 1 (mod 4).
Then there is no positive definite septenary non-classic universal OF -lattice.
Proof. This theorem is proved easily by applying 290-Theorem [1] instead
of 15-Theorem [3] in the proofs of Lemmas preceding Theorem 3.1. 
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